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REALIZATION OF LEVEL ONE REPRESENTATIONS OF Uq(ĝ)
AT A ROOT OF UNITY
VYJAYANTHI CHARI AND NAIHUAN JING
Abstract. Using vertex operators, we construct explicitly Lusztig’s Z[q, q−1]-
lattice for the level one irreducible representations of quantum affine algebras
of ADE type. We then realize the level one irreducible modules at roots of
unity and show that the q-dimension is still given by the Weyl-Kac character
formula. As a consequence we also answer the corresponding question of re-
alizing the affine Kac-Moody Lie algebras of simply laced type at level one in
finite characteristic.
0. Introduction
In [L3, L1] Lusztig proved that a quantum Kac–Moody algebra U defined over
Q(q) admits an A = Z[q, q−1]–lattice UA and that any irreducible highest weight
integrable representation V of U admits a corresponding A–lattice, say VA. This
allows us to specialize q to a non–zero complex number ζ and we let Uζ , Wζ denote
the corresponding objects. If ζ is not a root of unity, Lusztig proved that Wζ
is irreducible and its character is the same as that of the corresponding classical
representation. On the other hand, when ζ is a primitive lth root of unity, the
situation is more interesting, even for finite–dimensional Kac–Moody algebras. In
that case, Wζ is not always irreducible: a sufficient condition for irreducibility
[APW] is that the highest weight Λ of V should be “small” in the sense that (Λ, α) <
l for all positive roots α. The corresponding question for infinite–dimensional Kac–
Moody algebras at roots of unity is open, and in this paper we answer it in the
case of level one representations of quantum affine algebras of ADE type. Note
that the condition (Λ, α) < l never holds in this case; nevertheless, we find that Wζ
is irreducible provided that l is coprime to the Coxeter number of the underlying
finite–dimensional Lie algebra.
The level one representations of an affine Lie algebra of ADE type can be ex-
plicitly constructed in the tensor product of a symmetric algebra and a twisted
group algebra [FK, S]. Essentially, these representations are built from the canoni-
cal representation of an infinite–dimensional Heisenberg algebra. Later, in [FJ] this
construction was extended to the case of the basic representations of the quantum
affine algebras of ADE type. Again, the representations are built from the repre-
sentation of a suitable quantum Heisenberg algebra. In this paper, we identify the
natural lattice VA of the level one representation explicitly as the tenosr product
of the lattice of Schur functions tensored with the obvious A–lattice in the twisted
group algebra (see also [J2]). We also describe the action of the divided powers of
the Chevalley (and Drinfeld) generators on an A–basis of VA and this allows us to
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realize the level one irreducible representations Wζ explicitly and prove that they
are irreducible.
Our methods also apply to the study of highest weight representations of affine
Lie algebras in characteristic p, and the corresponding results are also new in that
situation. In particular we give an explicit realization of the Z-form [Br] of the
vertex representation of the affine Lie algebras.
1. The algebras U, UA.
Throughout this paper g will denote a simply-laced, finite-dimensional complex
simple Lie algebra and (aij)i,j∈I , I = {1, . . . , n}, will denote its Cartan matrix.
Let (aij)i,j∈Iˆ , Iˆ = I ∪ {0}, be the extended Cartan matrix of g and let ĝ be the
corresponding affine Lie algebra. Let R (resp. R+) denote a set of roots (resp.
positive roots) of g and let αi (i ∈ I) be a set of simple roots. Let Q be the root
lattice of g, P the weight lattice and let ωi ∈ P (i ∈ I) be the fundamental weights
of g. For ω ∈ P , η ∈ Q, define an integer |ω| · |η| by extending bilinearly the
assignment |ωi| · |αj | = δij . Notice that |αi| · |αj | = aij . Let θ be the highest root
of g.
Let q be an indeterminate, let Q(q) be the field of rational functions in q with
rational coefficients, and let A = Z[q, q−1] be the ring of Laurent polynomials with
integer coefficients. For r,m ∈ N, m ≥ r, define
[m] =
qm − q−m
q − q−1
, [m]! = [m][m− 1] . . . [2][1],
[
m
r
]
=
[m]!
[r]![m − r]!
.
Then
[
m
r
]
∈ A for all m ≥ r ≥ 0.
Proposition 1.1. There is a Hopf algebra U over Q(q) which is generated as
an algebra by elements Eαi , Fαi , K
±1
i (i ∈ Iˆ), D
±1 with the following defining
relations:
KiK
−1
i = K
−1
i Ki = 1, KiKj = KjKi,
KiD = DKi, DD
−1 = D−1D = 1,
DEαiD
−1 = qδi0Eαi , DFαiD
−1 = q−δi0Fαi ,
KiEαjK
−1
i = q
aijEαj ,
KiFαjK
−1
i = q
−aijFαj ,
[Eαi , Fαj ] = δij
Ki −K
−1
i
q − q−1
,
1−aij∑
r=0
(−1)r
[
1− aij
r
]
(Eαi)
rEαj (Eαi)
1−aij−r = 0 if i 6= j,
1−aij∑
r=0
(−1)r
[
1− aij
r
]
(Fαi )
rFαj (Fαi )
1−aij−r = 0 if i 6= j.
The comultiplication of U is given on generators by
∆(Eαi ) = Eαi ⊗ 1 +Ki ⊗ Eαi , ∆(Fαi) = Fαi ⊗K
−1
i + 1⊗ Fαi ,
∆(Ki) = Ki ⊗Ki, ∆(D) = D ⊗D,
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for i ∈ Iˆ.
Let U+ (resp. U−; U0) be the Q(q)-subalgebras of U generated by the Eαi
(resp. Fαi ; K
±1
i and D
±1) for i ∈ Iˆ. The following result is well-known, see [L3]
for instance.
Lemma 1.1. U ∼= U− ⊗U0 ⊗U+ as Q(q)-vector spaces.
It is convenient to use the following notation:
E(r)αi =
Erαi
[r]!
.
The elements F
(r)
αi are defined similarly. Let UA denote the A–subalgebra of U
generated by E
(r)
αi , F
(r)
αi , K
±1
i (i ∈ Iˆ) and D
±1. The subalgebras U±A are defined in
the obvious way.
For i ∈ Iˆ, r ≥ 1, m ∈ Z, define elements
[
Ki,m
r
]
=
r∏
s=1
Kiq
m−s+1 −K−1i q
−m+s−1
qs − q−s
,
[
D,m
r
]
=
r∏
s=1
Dqm−s+1 −D−1q−m+s−1
qs − q−s
.
Let U0A be the A–subalgebra of UA generated by K
±1
i , D
±1,
[
Ki,m
r
]
and
[
D,m
r
]
,
i ∈ Iˆ, r ≥ 1 and m ∈ Z. The following is well–known (see [L3]).
Lemma 1.2. We have UA ∼= U
−
AU
0
AU
+
A.
We shall also need another realization of U, due to [Dr, B, J1].
Theorem 1. There is an isomorphism ofQ(q)-Hopf algebras fromU to the algebra
with generators x±i,r (i ∈ I, r ∈ Z), K
±1
i (i ∈ I), hi,r (i ∈ I, r ∈ Z\{0}) and C
±1,
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and the following defining relations:
C±1 are central,
KiK
−1
i = K
−1
i Ki = 1, CC
−1 = C−1C = 1,
KiKj = KjKi, Kihj,r = hj,rKi,
Kix
±
j,rK
−1
i = q
±aijx±j,r ,
DD−1 = D−1D = 1, DKi = KiD,
Dhj,rD
−1 = qrhj,r, Dx
±1
j,rD
−1 = qrx±j,r,
[hi,r, hj,s] = δr,−s
1
r
[raij ]
Cr − C−r
q − q−1
,
[hi,±r, x
±
j,s] = ±
1
r
[raij ]x
±
j,s±r , r > 0,
[hi,∓r, x
±
j,s] = ±
1
r
Cr[raij ]x
±
j,s±r , r > 0,
x±i,r+1x
±
j,s − q
±aijx±j,sx
±
i,r+1 = q
±aijx±i,rx
±
j,s+1 − x
±
j,s+1x
±
i,r ,
[x+i,r , x
−
j,s] = δi,j
C−sψ+i,r+s − C
−rψ−i,r+s
q − q−1
,
∑
pi∈Σm
m∑
k=0
(−1)k
[
m
k
]
x±i,rpi(1) . . . x
±
i,rpi(k)
x±j,sx
±
i,rpi(k+1)
. . . x±i,rpi(m) = 0, if i 6= j,
for all sequences of integers r1, . . . , rm, where m = 1 − aij , Σm is the symmetric
group on m letters, and the ψ±i,r are determined by equating powers of u in the
formal power series
∞∑
r=0
ψ±i,±ru
±r = K±1i exp
(
±(q − q−1)
∞∑
s=1
hi,±su
±s
)
.
Following [CP, Section 3], we define elements Pk,i and P˜k,i via the generating
functions
P±i (u) =
∑
k≥0
P±i,ku
k = exp
(
−
∞∑
k=1
hi,±k
[k]
uk
)
= exp
(
−
∞∑
k=1
h˜i,±k
k
uk
)
,(1.1)
P˜±i (u) =
∑
k≥0
P˜±i,ku
k = exp
(
∞∑
k=1
hi,±k
[k]
uk
)
= exp
(
∞∑
k=1
h˜i,±k
k
uk
)
,(1.2)
where h˜i,k =
khi,k
[k] . Notice that these formulas are exactly those that relate the
elementary symmetric functions (resp. complete symmetric functions) to the power
sum symmetric functions [M]. For a vertex operator approach to this and to Schur
functions, see [J2].
The following result was proved in [CP, Section 5].
Lemma 1.3. For all i ∈ I, k ∈ Z, k ≥ 0, we have
P±i,k, P˜
±
i,k ∈ UA.
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Let U˜A (resp. U˜
±
A) be the A–subalgebra generated by (x
±
i,n)
(r), r, n ∈ Z, r ≥ 0,
i ∈ I, (resp. n ∈ Z, ±n ≥ 0) and U0A. The following result is proved in [BCP,
Section 2].
Proposition 1.2. We have,
UA = U˜A, U
±
A ⊂ U˜
±
A.
Finally, let U(0) (resp. UA(0)) be the Q(q)–subalgebra of U (resp. the A–
subalgebra of UA) generated by the elements hi,n, i ∈ I, n ∈ Z (resp. P
±
i,k, i ∈ I,
k ∈ Z, k > 0), C±1. The subalgebras U±(0) and U±A(0) are defined in the obvious
way.
Proposition 1.3. (i) The algebra U(0) is defined by the relations
[hi,n, hj,m] =
1
n
δm,−n[naij ]
Cn − C−n
q − q−1
,
C±1hi,n = hi,nC
±1,
for all i, j ∈ I and m,n ∈ Z. In particular, U±(0) is commutative.
(ii) For all i ∈ I, k > 0, we have
P±i,k = −
1
k
k∑
m=0
h˜i,mP
±
i,k−m,
P˜±i,k =
1
k
k∑
m=0
h˜i,mP˜
±
i,k−m.
In particular, h˜i,k, P˜
±
i,k ∈ UA(0) and as Q(q)–spaces we have
U(0) ∼= Q(q)⊗A UA(0),
U±(0) ∼= Q(q)⊗A U
±
A(0).
(iii) Monomials in P±i,n (resp. P˜
±
i,n), i ∈ I, n > 0, form a basis for U
±
A(0).
Proof. Part (i) is a consequence of the PBW theorem for U proved in [B]. Parts (ii)
and (iii) follow from the definition of the elements P˜±i,k (see [BCP] for details).
2. The level one representations of U and UA
We begin this section by recalling the natural irreducible representation of U(0)
and we construct a natural UA(0)–lattice in this representation. We then recall
the definition of the highest weight representations Vq(Λ) of U and the lattice
VA(Λ) of UA, see [L3]. Finally, we recall the explicit construction of the level one
representations given in [FJ] and state and prove the main theorem of the paper.
Consider the left ideal I in U(0) generated by C±1 − q±1 and U+(0). Then,
U(0)/I is a left U(0)–module through left multiplication. It is easy to see that as
Q(q)–spaces, we have
U−(0) ∼= U(0)/I.
Thus U−(0) acquires the structure of a left U(0)–module, and we let π : U(0) →
End(U−(0)) be this representation. Then, elements of U−(0) act by left multipli-
cation and it is easy to see that for n > 0, i ∈ I, π(hi,n) is the derivation of U
−(0)
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obtained by extending the assignment,
π(hi,n)hj,−m = δn,m
[naij ][n]
n
.
Proposition 2.1. (i) π is an irreducible representation of U(0).
(ii) For i, j ∈ I, we have,
π(P˜+i (u)).P˜
−
j (v) = fi,j(u, v)P˜
−
j (v),
π(P+i (u)).P
−
j (v) = fi,j(u, v)P
−
j (v),
fi,j(u, v)π(P
+
i (u)).P˜
−
j (v) = P˜
−
j (v),
where the power series fi,j is defined by
fi,j(u, v) = 1 if aij = 0,
= (1− uv) if aij = −1,
= (1− quv)−1(1− q−1uv)−1 if aij = 2.
(iii) π(UA(0))U
−
A(0) ⊂ U
−
A(0).
Proof. Part (i) is well-known. For (ii), notice that the relations in Proposition 1.3
imply that
π(P˜+− (u)).P˜
−
j (v)
= exp
(
∞∑
k=1
π(h˜i,k)
k
uk
)
exp
(
∞∑
k=1
h˜j,−k
k
uk
)
= exp
(
∞∑
k=1
[kaij ]
k[k]
ukvk
)
exp
(
∞∑
k=1
h˜j,−k
k
uk
)
exp
(
∞∑
k=1
π(h˜i,k)
k
uk
)
.1
= fi,j(u, v)P˜
−
j (v).
The second equality above follows by using the Campbell–Hausdorff formula. The
calculation of fi,j(u, v) is now straightforward. The other equations are proved
similarly. Part (iii) follows immediately from (ii).
By a weight, we mean a pair (µ, n) ∈ Z|Iˆ|×Z. If n = 0, we shall denote the pair
(µ, 0) as µ. A representation W of U is said to be of type 1 if
W =
⊕
(µ,n)
Wµ,n,
where Wµ,n = {w ∈ W |Ki.w = q
µiw, D.w = qnw}. If Wµ,n 6= 0, then Wµ,n is
called the weight space of W with weight (µ, n). Throughout this paper we will
consider only type 1 representations. Writing θ =
∑
i∈I diαi, we define the level of
(µ, n) to be
∑
i∈I diµi + µ0.
For i ∈ Iˆ, let Λi be the Iˆ–tuple with one in the i
th place and zero elsewhere.
Given a weight Λ =
∑
i niΛi, ni ≥ 0, let Vq(Λ) be the irreducible highest weight
U–module with highest weight Λ and let vΛ be the highest weight vector. Thus,
Vq(Λ) is generated by vΛ with relations,
Eαi .vΛ = 0, Ki.vΛ = q
nivΛ, D.vΛ = vΛ, F
ni+1
αi .vΛ = 0,
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for i ∈ Iˆ. Clearly Vq(Λ) is of type 1. We say that Vq(Λ) has level one if Λ has level
one.
Set
VA(Λ) = UA.vΛ.
By Lemma 1.2 we see that VA = U
−
A.vΛ. The following result is now an immediate
consequence of Proposition 1.2.
Lemma 2.1. We have
VA(Λ) = U˜A.vΛ = U˜
−
A.vΛ.
The following result is due to Lusztig [L3].
Proposition 2.2. VA(Λ) is a UA–submodule of Vq(Λ) such that
Vq(Λ) ∼= VA(Λ)⊗A Q(q).
Further,
VA(Λ) =
⊕
µ,n
VA(Λ) ∩ Vq(Λ)µ,n,
and
dimA(VA(Λ) ∩ Vq(Λ)µ,n) = dimQ(q)Vq(Λ)µ,n.
We turn now to the realization of the level one representations of U. In fact
we shall restrict ourselves to constructing the basic representation of gˆ, i.e. the
representation corresponding to Λ0. The construction of the other level one repre-
sentations is identical except that one adjoins vΛi to the twisted group algebra (see
[FJ]).
Fix a bilinear map ǫ : Q × Q → {±1} such that for all i ∈ I, α, β, γ ∈ Q, we
have,
ǫ(α, 0) = ǫ(0, α) = 1,
ǫ(α, β)ǫ(α + β, γ) = ǫ(α, β + γ)ǫ(β, γ),
ǫ(α, β)ǫ(β, α) = (−1)|α|·|β|.
LetQ(q)[Q] be the twisted group algebra overQ(q) of the weight lattice of g. Thus,
Q(q)[Q] is the algebra generated by elements eη, η ∈ Q, subject to the relation,
eη.eη
′
= ǫ(η, η′)eη+η
′
.
Set
Vq = U
−(0)⊗Q(q)[Q].
Let z∂i : Vq → Vq[z, z
−1] be the Q(q)–linear map defined by extending
z∂i(v ⊗ eη) = (v ⊗ eη)z|η|·|αi|, v ∈ U−(0), η ∈ Q.
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Define operators X±i,n on Vq by means of the following generating series:
X+i (z) = π(P˜
−
i (z))π(P
+
i (q
−1z−1))eαiz∂i
=
∑
n∈Z
X+i,nz
−n−1,
X−i (z) = π(P
−
i (qz))π(P˜
+
i (z
−1))e−αiz−∂i
=
∑
n∈Z
X−i,nz
−n−1.
The following result was proved in [FJ].
Theorem 2. The assignment x±i,n → X
±
i,n, hi,n → π(hi,n) ⊗ 1 defines a represen-
tation of U on Vq. In fact as U–modules we have
Vq(Λ0) ∼= Vq.
Further, for all i ∈ I, u ∈ U−(0), η ∈ Q, we have
Ki(u⊗ e
η) = q|η|.|αi|u⊗ eη, C(u ⊗ eη) = u⊗ eη.
The highest weight vector in Vq(Λ0) maps to 1⊗ 1 under this isomorphism.
Let VA be the image of VA(Λ0) under this isomorphism. Clearly VA is a UA–
submodule of Vq(Λ0) and Vq(Λ0) ∼= Q(q)⊗A VA.
Set
L = U−A(0)⊗A[Q],
where A[Q] is the A–span inQ(q)[Q] of the elements eη. It follows from Proposition
1.3 that
Vq ∼= Q(q)⊗A L.
We now state our main result.
Theorem 3. The lattice L is preserved by UA, and
L ∼= VA
as UA–modules.
Remark. The case g = sl2 was studied in [J2]. In that paper, the author worked
over A = Z[q
1
2 , q−
1
2 ] and proved that the corresponding lattice L was preserved by
UA and gave the action of the divided powers of the Drinfeld generators on the
Schur functions.
The rest of the section is devoted to proving Theorem 3.
We begin with the following two lemmas which are easily deduced from the
definition of X±i (z) and Proposition 2.1.
Lemma 2.2. Let i ∈ I, η ∈ Q and m = |η|.|αi|. Then,
x+i,−m−1(1 ⊗ e
η) = ǫ(αi, η)⊗ e
αi+η,
x−i,m−1(1 ⊗ e
η) = ǫ(−αi, η)⊗ e
−αi+η.
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Lemma 2.3. Let r, l ∈ Z, r, l ≥ 0, and let i, j1, j2 · · · jl ∈ I. We have,
X+i (z1)X
+
i (z2) · · ·X
+
i (zr)
(
P˜−j1(w1)P˜
−
j2
(w2) · · · P˜
−
jl
(wl)⊗ e
η
)
= ǫ ·
r∏
k=1
z
r−k+|η|·|αi|
k
∏
1≤k<s≤r
(fi,i((qzk)
−1, zs))
−1
∏
1≤k≤r,1≤s≤l
fi,js((qzk)
−1, ws)
× P˜−i (z1)P˜
−
i (z2) · · · P˜
−
i (zr)P˜
−
j1
(w1)P˜
−
j2
(w2) · · · P˜
−
jl
(wl)⊗ e
rαi+η
= ǫ · (z1z2 · · · zr)
|η|·|αi|
∏
1≤k<s≤r
(zk − q
−2zs)(zk − zs)
∏
1≤k≤r,1≤s≤l
fi,js((qzk)
−1, ws)
× P˜−i (z1)P˜
−
i (z2) · · · P˜
−
i (zr)P˜
−
j1
(w1)P˜
−
j2
(w2)) · · · P˜
−
jl
(wl)⊗ e
rαi+η,
where ǫ = ǫ(rαi, η)
∏r−1
k=1 ǫ(αi, kαi).
Let Sr be the symmetric group on r letters and for σ ∈ Sr, let l(σ) be the
length of σ.
Lemma 2.4. We have,∑
σ∈Sr
(−1)l(σ)
∏
k<s
(zσ(k) − q
−2zσ(s)) = q
−r(r−1)/2[r]!
∏
k<s
(zk − zs).
Proof. Observe that the left–hand side of the equation is an antisymmetric poly-
nomial in z1, z2, · · · , zr and hence is divisible by the right hand side. Hence, by
comparing degrees, we can write,∑
σ∈Sr
(−1)l(σ)
∏
k<s
(zσ(k) − q
−2zσ(s)) = C(q)
∏
k<s
(zk − zs).
But it is easy to see that the coefficient of zr−11 z
r−2
2 · · · zr−1 on the left hand side is∑
σ∈Sr
q−2l(σ) = q−r(r−1)/2[r]!,
thus proving the proposition.
Lemma 2.5. (i) Let δ = (δ1, δ2, · · · , δr) ∈ Z
r be the r–tuple (r−1, r−2, · · · , 1, 0).
We have,
∏
j<k
(zj − zk)
2 =
∑
µ
aµ
∑
ρ∈Sr
z
µρ(1)
1 z
µρ(2)
2 · · · z
µρ(r)
r
 ,
where the sum is over {δ+ τ(δ) : τ ∈ Sr} and aµ = (−1)
l(τ), if µ = δ+ τ(δ).
(ii) Let R be a commutative ring and let G ∈ R[[z±11 , z
±1
2 , · · · , z
±1
r ]] be invari-
ant under the action of the symmetric group Sr. Then, for all n ∈ Z, the
coefficient of (z1z2 · · · zr)
n in
∏
j<k(zj − zk)
2G is divisible by r!.
Proof. Since, ∏
j<k
(zj − zk) =
∑
σ∈Sr
(−1)l(σ)z
δσ(1)
1 z
δσ(2)
2 · · · z
δσ(r)
r ,
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we get ∏
j<k
(zj − zk)
2 =
∑
σ,τ∈Sr
(−1)l(σ)+l(τ)z
δσ(1)+δτ(1)
1 z
δσ(2)+δτ(2)
2 · · · z
δσ(r)+δτ(r)
r ,
which becomes the formula in (i) on putting ρ = στ . Part (ii) follows trivially.
Proof of Theorem 3. Using Lemma 2.3 and Lemma 2.4, we get∑
σ∈Sr
X+i (zσ(1))X
+
i (zσ(2)) · · ·X
+
i (zσ(r)).
(
P−j1(w1)P
−
j2
(w2) · · · P
−
jl
(wl)⊗ e
η
)
= q−r(r−1)/2[r]!ǫ · (z1 · · · zr)
|η|·|αi|
∏
k<s
(zk − zs)
2
∏
1≤k≤r,1≤s≤l
fi,js((qzk)
−1, ws)
× (P˜−i (z1)P˜
−
i (z2) · · · P˜
−
i (zr)P˜
−
j1
(w1)P˜
−
j2
(w2) · · · P˜
−
jl
(wl))⊗ e
rαi+η, (∗)
where the constant ǫ is defined in Lemma 2.3.
Set F =
∏
k<l(zk − zl)
2 and let G be the right hand side of (*) divided by F .
Then Lemma 2.5 applies, and by collecting the coefficient of (z1z2 · · · zr)
−n−1 on
both sides of (*), we find that
x
(r)
i,n.(P˜
−
j1
(w1)P˜
−
j2
(w2) · · · P˜
−
js
(wl))w
µ1
1 w
µ2
2 · · ·w
µl
l ⊗ e
η ∈ L,
for all µ1, µ2, · · · , µl ∈ Z, η ∈ Q, or equivalently that
(x+i,n)
(r)L ⊂ L.
One proves similarly that (x−i,n)
(r) preserves L. In particular, by Proposition 1.2 L
is preserved by UA. To complete the proof of the theorem we must prove that
L = VA.
Since 1 ⊗ 1 ∈ VA, it follows from Lemma 2.2 and a simple induction that e
η ∈ VA
for all η ∈ Q. Next, from Theorem 2, we see that for i ∈ I, k > 0,
P˜−i,k(1⊗ e
η) = P˜−i,k ⊗ e
η.
Since by Proposition 1.3, the monomials in the P˜−i,k’s span U
−
A(0), we see that
L ⊂ VA. The reverse inclusion VA ⊂ L is now clear, for
VA = U˜A(1 ⊗ 1) ⊂ L
since 1⊗ 1 ∈ L.
3. Specialization to a root of unity
Throughout this section, we let N denote the Coxeter number of g. It is well–
known [Bo] that N = n+1 (resp. 2n−2, 12, 18, 30) if g is of type An (resp. Dn, E6,
E7, E8). Let ζ ∈ C
∗ denote a primitive lth root of unity, where l is a non–negative
integer coprime to N . Set n = |I|. Finally, for any g ∈ A we let gζ ∈ C
∗ be the
element obtained by setting q = ζ.
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Lemma 3.1. Let [A] denote the n×n–matrix with coefficients in A whose (i, j)–th
entry is [aij ]. Then,
det[A] = [n+ 1], if g is of type An,
= [2](qn−1 + qn−1), if g is of type Dn,
= (q4 + q−4 − 1)(q2 + q−2 + 1), if g is of type E6,
= [2](q6 + q−6 − 1), if g is of type E7,
= q8 + q6 + q−6 + q−8 − q2 − 1− q−2 if g is of type E8.
Further for all k > 0, we have
(det[A])ζk = det[A]ζk 6= 0.
Proof. The calculation of the determinant is straightforward. If g is of type An,
then it is easy to see that for all k > 0,
either ζ2k = 1, or ζ2k(n+1) 6= 1.
This proves the second statement of the Lemma for g of type An. The other
cases are proved by a similar analysis: in the hardest case E8 one checks that
q8 + q6 + q−6 + q−8 − q2 − 1− q−2 divides q60 − 1 in A. The result follows.
Let Cζ be the one–dimensional A–module defined by sending q → ζ. Let Uζ be
the algebra over C defined by,
Uζ = UA ⊗A Cζ .
The subalgebras U±ζ and U
±
ζ (0) of Uζ are defined in the obvious way and we have
Uζ = U
−
ζ U
0
ζU
+
ζ .
Given an element u ∈ UA, we denote by u the element u⊗ 1 in Uζ . It follows from
Proposition 2.1 that we have a representation πζ : Uζ(0)→ End(U
−
ζ (0)).
Proposition 3.1. (i) For all i ∈ I, k ∈ Z, k > 0 there exist elements hi,k ∈
Uζ(0) such that
[hi,k, h˜j,m] = δk,−mδi,j ,
[hi,k, P˜−j,m] = δk,mδi,j .
(ii) πζ is an irreducible representation of Uζ(0).
Proof. For k ∈ Z, k > 0, we know by Lemma 3.1 that the matrix [A]ζk is invertible.
Let bij(k) denote the inverse of this matrix.
For i ∈ I, k ∈ Z, k > 0, set
hi,k =
∑
j∈I
bij(k)h˜j,k.
Clearly hi,k satisfies
[hi,k, h˜j,m] = δk,−mδi,j .
The second formula in (i) is now clear from Proposition 1.3.
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To prove (ii), assume that W is a submodule of U−ζ (0) and let 0 6= w ∈ W . By
Proposition 1.3, we can choose i ∈ I, k ∈ Z, k > 0, such that
w =
n∑
r=0
(P˜−i,k)
rwr
where wr is a polynomial in the elements P˜
−
j,l, j 6= i, 1 ≤ l ≤ k and P˜
−
i,l, 1 ≤ l < k.
Applying hi,k to w repeatedly we find that wn ∈ W . Repeating the argument we
find that 1 ∈ W thus proving the Proposition.
We now turn to the representations of Uζ . Given Λ =
∑
i∈Iˆ niΛi, ni ≥ 0, set,
Wζ(Λ) = VA(Λ)⊗A Cζ .
It follows from Proposition 2.2 that Wζ(Λ) is a representation of Uζ . Again, for
v ∈ VA(Λ), we let v ∈Wζ(Λ) be the element v ⊗ 1. Clearly U
+
ζ .v = 0 and
Wζ(Λ) = Uζ .vΛ.
Set Wζ(Λ)µ,n = (VA(Λ) ∩ Vq(Λ)µ,n)⊗A Cζ . Then one knows from [L3, L2] that,
Wζ(Λ) =
⊕
µ,n
Wζ(Λ)µ,n, dimCWζ(Λ) = dimQ(q)Vq(Λ),
and w ∈Wζ(Λ)µ,n iff
Ki.v = ζ
µ′iv,
[
Ki, 0
l
]
.v = µ′′i v,
D.v = ζn
′
v,
[
D, 0
l
]
.v = n′′v,
where µi = µ
′
i + lµ
′′
i , 0 ≤ µ
′
i < l, and n
′ and n′′ are defined similarly.
Turning now to the level one basic representation, we see from Theorem 3 that
Wζ(Λ0) ∼= U
−
ζ (0)⊗Cζ [Q].
The main result of this section is:
Theorem 4. Wζ(Λ0) is irreducible.
Proof. Set W = Wζ(Λ0) and let 0 6= W
′ be a submodule of W . Then W ′ contains
a non–zero vector w ∈Wµ,n such that
U+ζ .w = 0.
It is clear from Theorem 2 that w must be of the form wµ⊗e
µ for some wµ ∈ U
−
ζ (0)
with
U+ζ (0).wµ = 0.
By Proposition 3.1 we see that this forces wµ = 1 and hence that 1 ⊗ e
µ ∈ W ′.
Proposition 2.2 now shows that 1 ⊗ eν for all ν ∈ Q and hence finally that W ′ =
W .
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